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COHOMOLOGICAL ASPECTS OF HYPERGRAPHS

F. R. K. CHUNG AND R. L. GRAHAM

ABSTRACT. By a k-graph we will mean a collection of k-element subsets of
some fixed set V. A k-graph can be regarded as a (k — 1)-chain on 2V, the
simplicial complex of all subsets of ¥, over the coefficient group Z/2, the ad-
ditive group of integers modulo 2. The induced group structure on the (k — 1)-
chains leads to natural definitions of the coboundary J of a chain, the cochain
complex of C = {Ck, d} and the usual cohomology groups H*(C;Z/2).
In particular, it is possible to construct what could be called “higher-order”
coboundary operators (), where d() increases dimension by i (rather than
just 1).

In this paper we will develop various properties of these (), and in partic-
ular, compute the corresponding cohomology groups for 2V over Z/2 . It turns
out that these groups depend in a rather subtle way on the arithmetic properties
of i.

1. INTRODUCTION

Among the most fundamental objects occurring in combinatorics are the so-
called k-uniform hypergraphs, or k-graphs, for short. A k-graph is simply a
collection of (distinct) k-element subsets, called edges, of some fixed set V.
Because of the great generality of this definition, virtually any problem in com-
binatorics can be phrased in terms of a corresponding question about an ap-
propriate class of k-graphs. For example, much of the field of Ramsey theory
(cf. [GRS90]) can be interpreted simply as the study of chromatic numbers
of certain k-graphs (where the chromatic number of a k-graph is the mini-
mum number of classes into which V' can be partitioned so that no edge is
contained entirely in one class). For a full discussion of k-graphs, the reader
should consult Berge [B89].

From a somewhat different point of view, k-graphs can also be regarded
as (k — 1)-chains on 2", the simplicial complex of all subsets of ¥V, over
the coefficient group Z/2, the additive group of integers modulo 2 (so that the
orientation of simplices is irrelevant). From this perspective, the induced group
structure on the (k — 1)-chains leads to natural definitions of the coboundary
d of a chain, the cochain complex C = {C*, §} and the usual cohomology
groups H*(C; Z/2). (For an excellent discussion of these concepts, the reader
is referred to Munkres [M84].)
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In particular, it is possible to construct a class of what could be called “higher-
order” coboundary operators (), where () increases dimension by i (rather
than just 1). Thus, if G is a k-graph then 6)G will be a (k + i)-graph. These
higher order 69 were in fact introduced by S. T. Hu [H49, H50, H52] in 1949,
who showed that they satisfy all but one of the Eilenberg-Steenrod axioms for
a cohomology theory.

It turns out that in recent work of the authors and R. M. Wilson [CGW89,
CG90, CGI1] investigating aspects of random-like behavior in k-graphs, these
higher-order coboundary operators arose in a natural way, and played an im-
portant role in settling several fundamental conjectures there.

In this paper we will develop further properties of these J(), and in partic-
ular, compute the corresponding cohomology groups for 2V over Z/2. As will
be seen (Theorem 4), these groups depend in a rather subtle way on the arith-
metic properties of i, and in particular, on the representation of i to the base
2. We point out that there is a considerable body of work dealing with coho-
mological aspects of 3-uniform hypergraphs (cf. [MS75, C77, C78, S76, ST81,
MLS83, Z81, We84, CW86]). In some sense, our results can be considered as
the beginnings of a natural extension of this work to general hypergraphs.

2. DEFINITIONS AND BASIC PROPERTIES

Let V be a finite set of cardinality || = n, and let (}) denote the family
of k-element subsets of . We denote by C, = C,(V) the vector space over
Z/2 (the integers modulo 2) generated by the X € (Z) . The elements of Cj
are called k-graphs (on V). Thus, each k-graph G € C; can be written as

G= Z x6(X)X where ¢ : (Z) —Z/2.
Xe(y)

We will sometimes write this as G = (V, xg), or G = G*)(n), if we wish to
emphasize that G is a k-graph on a set V' of n vertices. The elements of
E = E(G) := x5 (1) are called the edges of G, and we will also occasionally
write G = (V, E).

For Kk < 0 or kK > n, C, consists of the single element 0, the identity
element of Z/2. With the convention that (}) consists of the single element

@, the generic element of Cj is

GO = Z Xeo (X)X = X0 (2)2 .
xe(g)

We define G to be the O-graph having xgo (@) = 0, so that G =0 € Cp.
Similarly, we define G(lo) to be the (other) 0-graph having x;0(2) = 1. Thus,

G(lo) = @ € Cy. (This convention will be useful later.) The group addition in
C, satisfies
XG+G' = X6 + X (mod 2) for G,G' € C; .

We will often suppress the dependence of quantities on k when the meaning
is clear, e.g., 0 will denote the zero element in C, for every k.
For p > 1, we define the p-coboundary operator 6%) : Cy — Cy,, as follows:
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For G=(V, x6) € C¢, 6V F = (V, xr) € Cy,, where for Y € (kzp) ,

(2.1) xr(Y):= > xa(X).

xe(x)

(As remarked earlier, 6?) should actually be written 6,((” ). we will omit the
index k when context makes it clear.) It is easily checked that 6 is a vector
space homomorphism, so we have a natural cochain complex (C, §%?)) on C =

Uk Ck :
P12 P12l 5P
(2.2) cio = G = Cyp = -+

(cf. Munkres [M84]).

Actually, (2.2) represents p disjoint cochain complexes, depending on the
residue class of k modulo p. One of our goals will be to compute the coho-
mology groups of (C, %)) over Z/2 (see §5).

Fact 2.1. 6% o) =0 where 0 denotes the map sending everything to the zero
element in the corresponding C; .

Proof. For G = 2/"6({) x6(X)X € C,, we have

s osPG= 3 ( > (Z XG(X)>Z>

Ze(ily) Ye(,) Xe(d)

- ¥ wz= 3 ()wenz -0

Xcrcz Xcz

since (%) =0 (mod2) for p>1. O

More generally, we have the following. For x € Z, write x = Zizox(i)Zi ,
x(i) € {0, 1}, in its usual binary expansion. Define for x,y € Z,

(2.3) X Vy:= z where z(i) = max{x(i), y(i)}, i>0.
Also, define
_J1 if x(i)y(i) =0 for all 7,
(24) L(x,y)= {0 otherwise,
_Jx+y ifL(x,y)=1,
(2.5) Xxy= { * otherwise,
(2.6) 6®) :=0 (the zero map),
(2.7) B(x) = {i|x(i) =1} .
Fact 2.2.

xX+Yy _
(xisoa’d)(i”“(x’y)_l

SxVy=x+y.




368 F. R. K. CHUNG AND R. L. GRAHAM

This is a standard result in number theory (e.g., see [GKP89]). We remark that
setting p = 0 in (2.1) shows that §© is the identity operator, i.e., 6OH = H ,
a fact we will occasionally use.

Fact 2.3.

5P 0 5@ — so*a) o) if 1(p,q) =1,
0 otherwise.
Proof. The proof is essentially the same as that of Fact 2.1, except that here we

get (P19) instead of (*). Fact 2.2 then implies the desired conclusion. O
It also follows from Fact 2.3 that
(2.8) 0P 050 = @) o 50 .

(2.9)
Ifp= Zzp,- , D1 <Py <---<p,then §® =605 0...05@)
i

Remark (2.9) already suggests the dependence of the properties of §?) on the
form of the binary expansion of p. Our first result (in the next section) will
determine the kernel of 6%) when |B(p)| =1, i.e., p =2' for some > 0.

3. THE KERNEL OF §(@ : g = 2!
The main result of this section is the following.

Theorem 1. If a =2, t >0, and |V|=n> (k+ 1)a, k >0, and G =
G®(n)=(V, xg) € Cy then

(3.10) 09G=0&G=06WF forsomeF e Cy_, .
Remark. (3.10) asserts that the kernel of 6,((“) is just the image of 6,(("_)‘1 , le.,

5@ 5@
0-Chg— C = Cryq—0
is a short exact sequence.
At the end of this section, we give examples showing why some restriction
on n is necessary.

Proof. The proof will proceed by induction on k. We first consider the case
k=0.

Considering the two different 0-graphs G((,O) and G(IO) , it is easy to see that
only G = G(()O) satisfies the hypothesis that @G = 0 (since 5(")650) has edge
set (¥)). However, G\ = §@F(-9  since any such graph F(-9 is 0 by
definition. Therefore (3.10) holds for £ =0.

To quell a potentially uneasy feeling about starting the induction at such a
trivial level, we next give a direct proof of (3.10) for k =1. Let G = (V , E)
be a 1-graph with n > 2a and assume 649G =0.

First, suppose a = 1. Thus, 6('G = 0 so that every pair {x,y} C V
contains an even number of elements of E . This implies that either £ = &, in
which case G = 6“)680) ,or E =V, in which case G = 6“)6(10) , which shows
that (3.10) holds in this case.
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Now, suppose a = 2! > 1. If E = @ then G = 0 = §@F{U-9 gince
by definition F(1-9 = 0 for a > 1, and (3.10) holds. If E = V then for
S| =a+1, xswg(S) =|SNE|=|S| =1 (mod2), which contradicts the
hypothesis that 6©@G = 0. So assume @ # E # V. In this case, however, it is
impossible for |[SNE|=0 (mod 2) for all SCV with |S|=a+ 1 (which is
implied by 6@ G = 0). Thus, (3.10) holds for k = 1.

We now assume that (3.10) holds for all values less than some fixed & > 2,
and G is k-graph on n > a(k + 1) vertices satisfying (@G =0.

Let A C V be a fixed (arbitrary) subset of V' with |4| =a =2', and let

Vi=V\A4, G =G+69G4),
where G(A) denotes the (k —a)-graph (V, xg(4)) defined by
1
X6 (Y)=xg(YuA) forY e (k _ a) .

Thus,
09G =89G +69WsIG(4) =69WG=0.
If we prove that G’ = 6@ F’ then we have

G=G +69G(4) (overZ/2)
=0@F +6@G(A) = 69(F' + G(A)),
and (3.10) holds.
Note that no edge of G’ contains A4, since any such edge X of G has X \ 4
as an edge of G(A4), and so is cancelled in G' = G+ 5@ G(A).

So we may henceforth assume that this normalization has been made, and
therefore that

(3.11) G has no edge containing 4 .

Observe that for all B C 4, X is an edge of G(B) if and only if BU X is an
edge of G.

Define 3% := 0@|;. That is,
(3.12) SF= % S a(0)Y.
YE(Z) Xe(kza
Fact 3.1. For o # BC A,

(3.13) 3“6 =¥ 3" g(c)
cSh

where b = |B|, ¢ =|C]|.
Note that for B = 4, (3.13) gives

(3.14) 596(4)=8"0=0=335"6(C).

€4
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This implies that if G := Gl then by (3.11),
(3.15) G= Y 3%0).

2#CGA

Proof of Fact 3.1. Consider W = BUW where W C V, [W|=k+a-b.
Observe that all edges of G in BUW are of the form CUZ, where C C B
and Z C W . Thus, we have

0 Xswg(W) (since @G = 0)

= Xsag(BUW)

(3.16) = z X5@—b+9G(C) (W)
cCB

= Z Xza=tvag ) (W) (since WCV).
CCB

Therefore,

X;(a)G(B) (W) = Z XS(“"’*")G(C) (W)
C=B

= Z XS(“_’”‘)G(C)(W) by (3.16) .
CgB

Since W CV with |W| =k +a— b was arbitrary then we conclude

3968 = 33" 6(0)
CEB

which proves Fact 3.1. O

Fact 3.2. There exist graphs Fc for @ # C C A such that for all B C A,
B # &, we have

b
(3.17) G(B) =3 3" g,
c=1

where
Y Fc if L(a-b,c)=0,
Fr ] 9#CCB
¢ Y. Fc if La-b,c)=1
@#CIB
and ¢ =|C|.
Proof. Induction on b :=|B|. Suppose b = 1. Applying Fact 3.1, we have

a—1)—

s9G6B)=3""G=0.

Since G(B) isa (k —1)-graph on V with |[V|=n—-a > (k+1)a—a =ka
then we can apply Theorem 1 for (k — 1)-graphs and conclude that G(B) =
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3(a)FB as required. This, in particular, defines Fg for |B| = 1. Next we
assume that Fact 3.2 has been proved for all values less than some b > 2, and
suppose B C A has |B| =

From Fact 3.1 we have

“GB)= Y §“"G(C)

C;B
=36+ ¥ 5%
2#CGB
—=(a—b+c)—= —=(a-b+c)—
= Y Ll(a-b,c)0 GC)+ ) o G(C)
2#CGA 2#CGB
c<b

since by (3.15), G = Zz;eCCA 6(C)G(C) and since L (a—b,c)=0if ¢ >b.

Next, for ¢ < b, we obtain

g(a—b+c)G (a —b+c) Z—(a c+:)

by the induction hypothesis (since ¢ < b). Therefore

(a—b+c)

5960y = 8“5 ke
by the definition of F;* since for i<c and a—-b+c<2',if
l@a-b+c,a-c+i)=1

thenwehave (a—b+c)+(a—c+i)=2a-b+i<2'=a,ie, a<b whichis
a contradiction. (This implies that for i < c,wehave L (a—b+c,a—c+1i)=

0.) Thus,
5GB)= 3 L(a-b,08“ "5k,
B#CGA
c<b
+ Z 5(a—b+c)g(a)FC
2#CSB

b—1
_ g(a) Z g(a—b+c)F:
c=1

by definition of F* (where the two cases L (a—b,c)=0 and L (a-b,c)
=1 are considered separately).
Therefore, we can apply Theorem 1 for (k — b)-graphs and conclude that

(a—b+c)

Fr+39F,

B =33

c=1
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for some Fp (this is the definition of Fp).

b
GB) =Y 3" E;

c=1

as required, since F; = Fg. This completes the induction step and Fact 3.2 is
proved. O

Fact 3.3. For 0<c<b<a=2',and b>2

ow 2()=(2")
> (1) =2((3)+(2)

1
(since b >2 where (*):=0)
= (b_1)+ (b_l) = (b_ 1) (mod 2).
c -1 c
It remains to show (by Fact 2.2) that

(3.19) (b - 1) = (" ’i’”) (mod 2).

c

(a—b+c) =1 (a-b,c) (mod 2).

c

However, this follows easily by inductionon b. 0O

Definition. For J C A, @ # C G A, define F/ to be the graph having as its
edges all sets of the form JU X where X is an edge of F¢, the graph defined
in Fact 3.2.

Thus, for J =@, FZ = Fc. Also define j :=|J].

Fact 3.4.
(3.20) G= Y o6 F..
2#CCA
C#J§A
Jj<c

Proof. We first consider an arbitrary set X € (7).
0=
0

Then, since G = z@#cg,q G(C),

x6(X) = xg(X) = ng,cgﬁ“’ﬁ(C)(X)

(3.21) (X)

= X =(c) =(a—c+i)
Zz;((‘gA 6 25:! o F:‘

= a5 X
ng,(ngJ'”’d“’F(( )
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because L (c,a—c+1i) =0 for i <c. On the other hand, for the right-hand
side of (3.20),

Xisanedgeof Y de+IF!
2#CGA

C¢J§A
J<c

if and only if

X is an edge of Z 8@+ F
2#CGA

if and only if (by (3.21)) X is an edge of G.

Next, suppose X = BUX where @ # BC A, XCV, |X|=k. Assume
first that B = A. Then by (3.11) we have yxg(X) = 0. On the right-hand side
of (3.20), for each edge Y of F- in X, the number of J for which JUY is
in X is exactly

(6)+(5)++ (4) -1

(the —1 coming from the requirement that J # C)
a-1
E( c )—IEO(modZ)

by Fact 3.3, since all the digits in the binary expression of a — 1 are 1.
Now, suppose & # B G 4. Then

(3.22) 1G(BUX) = Xg( B)(Y) = szI 3ot g (X).
On the other hand, consider the right-hand side of (3.20) for BU X, i.e.,

(3.23) Xzz#CcA 5(a+c—j>pcl(3 UX)= X):Q#Cc/’ sare-nfs (B U X)

C#JGA C#JSB
<t j<e

since any edge of FCJ by definition contains J . For a fixed C C B, the number
of J sothat j<c and C #J C B is just

1= (g)+<?)++<lc))-l (since J #C) ,

while for C € B, the corresponding number is just 4+ 1. By Fact 3.3.

A+l§(b;l)z(a—b+c) =1(a-b,c) (mod?2).

c
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Continuing (3.23) we get

XEZ#CCA 5(n+c—j)p({ (B U X)
z

C#JCB
j<e
= Xzz;(CgBAg(a_b“)FC‘*‘zggch(l'*'l)(—s(a_b+C)FC (X)
(3.24) - XEZ#CQB g(a—bml"c*'zz#cgl(a—b L0084 Fe ()
(X)

= Xsta-b
Xgta=tbso (Couccs Fe+ S ouccalla—b,c)Fc)

= ngﬂ 500 e (X) by the definition of F*
=x6(BUX) by (3.22).
This completes the proof of Fact 3.4. O
To finish the proof of Theorem 1, observe by Fact 3.4 that in fact

G =5(a)( Z 5(6—1’)FCJ>

z#CgA
C#JCA
j<t

since 0<c—j<a=2"implies L (a,c—j)=1.
The other direction of (3.10), namely that

G=09F =359G=6Ws@F =0
follows from Fact 2.1. This completes the proof of Theorem 1. O
There are a variety of examples known to show that some size restriction on
n is necessary in order for the conclusion of Theorem 1 be valid. One such
family of examples is the following. Define

V ={x;, x} UZ/2"*" fort>1,
G = G¥+D = (V| E) with the edge set
E={x;u{i+1,...,i+2}|j=1,2andi€z/2"}.
Thus, G has 2/+? edges, each of which is a (2! + 1)-set in V. A simple
calculation shows that 62)G = 0. However, G # 6@)G) for any 1-graph

G since no (2! + 1)-graph of the form d)G(") can have exactly 2/+? edges.

4. THE KERNEL OF 69 ;: GENERAL a

In this section we complete our analysis of kerd(a). In order to do this, we
require an auxiliary result, of interest in its own right.
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Theorem 2. Suppose ay, ay, ... ,a, >0 and G; isa (k — a;)-graph on V with
V|=n>4(k+1)2. Then
r

(4.25) ) " 61)G; = 0 « there exist K;; = K; such that
i=1
(4.26) 6@)G; =" s@valK;; .
Proof. The proof will be a multiple induction on r, >, a; and k. The desired
conclusion holds for r = 1 by Theorem 1. Also, Theorem 2 is immediate for

k = 0, so we will always assume henceforth that kK > 1. We will first require
several facts which will be proved under our induction hypotheses.

Fact 4.1. Suppose a < max;a; and G is a k'-graph with a+ k' < k. Then

(4.27) s9G=0eG= > 06%F forsomeF,.
teB(a)

Proof. The result is immediate for |B(a)| = 1. Suppose |B(a)| > 1. Let u:=
min{¢|t € B(a)}. By Theorem 1 (since n > %(k + 1) > 2%(k’ + a — 2% + 1)),

642G = §?IF for some F ,
ie.,
@G+ 6PIF =0,
Now by induction (since k' +a — 2% < k), (4.26) implies
029G = dWFE, .

ie.,
0@2NG+6@F)=0.
By induction within the proof of Fact 4.1, we have

G+ F,= > d%F.
)

teB(a—2¢
Therefore,
G = z 5(2’)E
t€B(a)

as required. O

Fact 4.2. Suppose all the edges of G and F;, 1 <i<r,arein V=V \{v}.
If

G= le _ Zg(bi)Fi
=1

then

(4.28) G= z SOVF 4+ Z 5(b,—1)1:i+
i=1 i=1
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where F;* has edge set {e U {v}le € E(F})}, and s = 6®)\; as given in
(3.12).

Proof. 1t is straightforwird to verify (4.28) for the two possible cases, namely,
edges which belong to 7, and edges of the form ¢’ U {v}, ¢ CV. O

g(avb)

Fact 4.3. Assume a < a; for some i, and a is even. Suppose g(a)F = G,

and all edges of F and G are contained in V . Then
5(a+1)F _ 6(aVb+l)G lfb is even,
8@vOGt ifb is odd.

(avb avb-a

Proof 39F = "G implies F = 3°°"?G + K' where K' € kerd".

Thus, by Fact 4.1, we have
(4.29) F=5"""%+ Y §k,.
t€B(a)

By Fact 4.2, we have
F =¢avb-agG 4 Z SAVK, + lavb—a-lig+ 4 Z 5(21“)K,+.

tEB(a) teB(a)
Thus,
S — 5(a+l)*(avb—a)G+ Z 6(a+l)*2‘Kt
t€B(a)
(4.30) +§(a+l)*(avb—a—l)G++ z 5(a+l)*(2l_‘)Kt+
t€B(a)

— (5(a+l)*(avb—a)G+ 5(a+l)*(avb—a—l)G+ .

We consider two cases:
Case 1: b is even. Therefore

§@+) F — gla+x@avb-a) G — slavb+l)G
Case 2: b is odd. Therefore

@) — gla+x@vb—a-1)G+ _ glavh) G+
as required. This proves Fact 4.3. O

Our next step will be to “normalize” the statement of Theorem 2. We first
claim that it is enough to prove Theorem 2 in the case that all the q; are distinct.
To see this, assume Theorem 2 holds in this case, and suppose a; = a; for some
i < j. Thus, by hypothesis

84(Gi+Gj)+ Y, 6G, =0.
I#i,j

By induction (on the number of summands), we can find W, , for u,v # j
so that

0@G, = Za(auval)Wu’[
u#l
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and
8@)(Gi+ Gj) = Y s@Vaw,
u#i, j
Now define
Wm,[ lfm,l;é_],
Km,l={Gj if {m, I} ={i, j},
0 if {m, 1} ={u,j}, u#i.

It is easily checked that (4.26) holds with these choices.

Next, we show that in fact, it suffices to prove Theorem 2 for the case that
all the a; are distinct powers of 2. For, suppose a; = 2! + b where ¢ € B(a;)
and b > 0. Then, by hypothesis,

©)G)+) 6@)G; =0.
i>1
By induction (on ), a;), there exist W;; such that
(4.31) s®(60G)) =Y s@valw,,
i>1
and for i > 1,
(4.32) @G, = Zj#i,l sV W 4 s@VvaI Wy, .

By (4.31),
s0G, = 3 6@Va-Npy, 4 50K
i>1
for some K. We now apply the induction hypothesis of Theorem 2 (for a
smaller value of k, namely k — 2¢), and conclude there exist U;;, 0<i< j <
r, with

(4.33) oG, = Zd(Z'Vﬂi—Z‘)va” + oV,
i>1
and for i > 1,
6(21V0i—2')ufli — Z 6(2’Va,‘Vaj_2’)Uij +5(2'Va,‘—2')va“ + 6(thai)U0i .
J
J#i,1
Therefore,

MG = Za(aivan)U

i>1

and for i > 1 (by (4.32)),

8@ G; = Z §(aiVaj)u/ij+5(2'Vai)[,V”
J#i,1
— Z 5(a,-Va,-)I,Vij+ Z 6(2‘Va,~vaj)Uij+5(a,-va|)U“_ .
J#i,1 J#i,1
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So, if we choose
K = Wij+8@U; ifi,j#1,
Y Ui ifi>1, j=1,

then (4.26) is easily verified.

Finally, suppose some a; vanishes, say a; = 0. Then by choosing K;; = G;
if i=1,j>1,and K;; = 0 otherwise, the implication (4.25) = (4.26) is
immediate.

Thus, we may assume in the proof of Theorem 2 that a; = 2% with 0 < b, <
by, < --- < b,. We now return to the main line of the proof.

Define for 1<i<r,

F,-I = G,‘(’U) , Fi=G;+ J(I)Fil

where v is an arbitrary (fixed) vertex of V. It is easy to see that F; and F/
have edge sets entirely contained in V :=V \ {v}, and

(4.34) G;=F +6VF .

Hence,

Y 8@)G =0
i

implies

(4.35) Za(al)ﬂ + Z(S(a,'-'-l)l;’il — 0 .
i i

We first apply (4.35) to edges of the form X U {v} for X € (,7,). Thus,

(4.36) S5 VE+ Y8 =0.
i i

We consider two cases.
Casel. by =0. Thus, a; =1 and @G, = §VG, = §(VF, (since we can
assume F] = 0). Applying 5" 10 (4.36), we have
(4.37) 3R +3 5 F =0.
i>1

Together with (4.35) we find

(4.38) 3 5“F=0.

i>1
We can now apply Theorem 2 since (4.38) involves r — 1 summands. This
implies that there exist W ;, i, j > 1, so that for i > 1,

g(al)};} - Z g(alvaj)mj )

J
J#L i
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Hence, by Theorem 1 (since a; = 2%),

(4.39) Fi=Fjly= Z seva sy L 5%k,
J#l,z

for some K;. By Fact 4.2, we obtain

F, = Z Slaivaj—aj) W + Z Slaivaj—ai—1) W+ +(5“')K +5(a,—l

J#I i 1#1,1
Therefore, for i > 1,
(4.40) O@F, Z SV W, + Z slava =Dyt 4 sQa-Kr
J;e] i 1<;<z

and

(441) g(ai—l)ﬂ _ Eg(aj+a,-—l)mj + 3(2a‘._1)

K;.
S
J>i

Substituting into (4.36) we have

fl N Z B_(a,+aj—l)u/ij + Zg&a,--l)Ki " Zg(ai)Fi/ =0,

i,j i>1 i>1
I<j<i
1.€.,
(442)  Fi+ ZE‘“"( S 3w, 484k + Fj) =0.
>t I<j<i
Now, define for i > 1,
(4.43) Li=Y 8 "w;+8“ K +F,.
l<§<i

Then
Fi=%4d"L,
i>1
and for i > 1,
Z 5 Vw, +39 K+ Ly

l<j<l

Using Fact 4.2, we obtain

(4.44) Fi=Y 6L +) 6% VL.

>1 i>1
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Also, for i > 1,

—(a, _ Z 5 (aj+ai— l) U i 3(2a,-—])Ki +g(a,~)Li ‘
l<j<l
By Fact 4.3,
(4-45) s+ z Slaj+ai—1) W+ +5 (2a;—-1) K+ +0 (a+) ]
<<

Now, choose
K. — Wy ifi,j>1,
YTOAL ifix>1, j=1.

Thus for i > 1 we have (by (4.40) and (4.495)),
0@G; = 6@ F; + 5@V F/
_ Z d(a,Va, W + Z a(a,v(a,—l )W+
761 i l<§<z
+6 2a,-—l)K;i-+ Z 6(a,-+aj~l)u/i-}-
1<§<i
+0@aDKF | glatp
- Zé(aiva;‘)K
J
J#i
Finally, by (4.44) we get
sag =5 Za a,+l)L 25 ai+a)) g

i>1 i>1

and the proof for Case 1 is complete.
Case2. a; =2% > 1. We apply 5" 1o (4.36). Thus,

(4.46) > 5F =0

i

Hence, by (4.35) (restricted to V), we have

(4.47) S 5“F=0

Now, rearranging (4.36), we obtain

(4.48) ZS“" F' = Za“’ VE =5~ ”(ZS‘““""E).

i
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We next apply Theorem 2 to (4.48) (which has a smaller value of k). Thus,
there exist W;;, 0 <i < j<r, such that

(4.49) —(a: 1)(26(‘1' an) ) Zaaﬁan l)Wzo ,

and

(4.50) 3 E =35 W, 4 54 g,
J#i

Hence, by Fact 4.3,

(4.51) s@+ z(s(a,+a,+l)W + -yt
J#i

Applying Fact 4.1 to (4.49), we have

(4.52) Za"‘ “F, = Za(‘" wot+ Y. 37k,

t€B(a,—1)

for some K. Applying 3" to both sides of (4.52), we obtain
(4.53) 3UE =S5 e + S5,
i>1 t<b;
Using (4.47), we have
(4.54) S5 @wo+ Fy+ 387 (@K, = 0.
i>1 1<b

Since Y, <b, 2! < a,, we can apply the induction hypothesis of Theorem 2.
Therefore, there exist X;;, Yy, Y/, 0<¢t, 0 <by, i,j>1, satisfying:
For i> 1,

<(a)

(4.55) DS Wy + F) Z sy, Za vy,
J#l i
(4.56) 3(2+al)Kl=Z_(a+2) 25(2+2 )Y/ﬂ ‘
i>1 1'#t
This implies by Theorem 1 that
(4.57) 3K =38y, + 33" v, +37 g,
i>1 't

for some J,. Applying the induction hypothesis of Theorem 2 to (4.57) (since
k is smaller), we have:
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For i> 1,
(4.58) 5y, =%.5"" 'z 4 Za @2z,
Jj#
for Z” , Zy, 0<t, ' <by, 1< j. Therefore,
a,+2 (a;+a;+2") (a;i+2' +2
(4.59) =Y 8Tz Ns o

J#1,i t'#t
Substituting into (4.55) we obtain

(460) 3“3 Wio + F) Z 3y, 4 3 gz
i it
Therefore, by Fact 4.1, we have
(461)  Fi=3"wo+ 3 8x,+ ¥ 59 z0 45T,
A i

for some T;.
Hence, by Fact 4.2,

4.62
e F=0@Wio+ Y 6@x;+ )o@z 4 50T,
j;éjll,i jiit,i
+o@OwE L ST s@Nxp 4 ¥ s@rd-0zW" sl
i i
Thus, for i > 1,
S@F;, = sataly, 4 Z slaita) y

J#L, 1
i+a;+2 (1) i -1
(4.63) + S s@ratizl  slara-hpyy
e
lEJB(al—ll)
+ Z 5(a;+a,-—1)Xi4;+ Z 5(‘1 +a,+2'—l ij +52“‘_1 T
1<j<i J#L,i

teB(a,—l)
Now, by (4.63) and (4.51), we have for i > 1,
0@)G; = 6@ F; + 5@~V F!

- S (a3 aMzps X vz s

j#i,1 t€B(ay—1) 1€B(a,—1)

I<j<i

+ glaven) (Wio+5(”W}| + ) 6(“1“‘"‘)X,.+j+5(”i“'l“)Ti+) :
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Now, choose

Xij + 5(1)"/"] + Z 6(21)21(;) + Z 5(21_1)25;)+

teB(a;—1) teB(a—1)
- fori,j>1,
ij Ji Wi+ 0OWy + Z 5(01“01-1)le*j-,+5(ai-al“1)]"i+
I<j<i

forj=1andi> 1.

Therefore,
5(a’)Gi = Z(s(aivaj)K,‘j fori>1.
J#I
Since
s@G, = Za(ai)(;i = Zg(aivan)K“
i>1 i>1

then the required H;; have been exhibited, i.e., (4.26) holds. This completes
the induction step and the proof of Theorem 2 is complete. O

We can now use Fact 4.1 (which holds for all k) to characterize the kernel
of 6@ for general a.

Theorem 3. Suppose G is a k-graph on n > %(k + a+ 1)% vertices. Then

dWG=0eG= Z 3K, for some choice of K,’s .
1€B(a)
Proof. “=" The lower bound (which is actually rather generous) comes from
that of Theorem 2, since 469G is a (k 4+ a)-graph. Fact 4.1 gives the desired
implication.
“ <” Immediate, using Fact 2.3. O

Perhaps one could characterize those G satisfying @G = 0 but with G #
ZIEB(a) 9?2 K;.

5. THE COHOMOLOGY GROuUPs HJ'¢
Given a portion of the (generalized) chain complex at Cj :

o m G, B G Gy
it is natural to ask about the cohomology group H}*? :=keré@ /imé® . Here,
we assume that B(p) N B(q) # @, i.e., the binary expansions of p and g share
a common one, since otherwise we can have 6 (69 (-)) # 0, i.e., im 6 ¢
kerd@ , so that H*? is not well defined. It is easy to see under this assumption
that H}? = (Z/2)4?-9:%) where d(p, q; k) is the dimension of the quotient
space kerd@/imd®) (with keré@ and im J% considered as vector spaces
over Z/2). Thus, we need to compute the dimensions of kerd@ and im §%®).
In order to do this, we need to introduce the following class of matrices W =
W, . For a fixed n-set V', the rows and columns of W are indexed by the sets
() and (¥),with r>s. For X € (¥), Y e (¥), the (X, Y) entry W(X, Y)

r
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of W is defined by
1 ifX2Y,
WX, Y)= {0 otherwise.

These inclusion matrices occur commonly in algebraic combinatorics (e.g., see
[K72, GJ73, GLL80, LR81, F90, Wi*]). What will be of interest to us is the
mod 2 rank w, s of W (i.e., the rank of the integer matrix W over Z/2). This
was first determined by Linial and Rothschild [LR81]. Subsequently, Wilson
[Wi*] determined the (mod p) rank of W for every prime p, and expressed
the rank w, ; in a form which will be especially convenient for our purposes
(a very elegant proof also appears in Frankl [F90]).

Theorem 4 (Wilson [Wi*]). For 0<s<r<n-s,

(5.64) Wr,s = Z ((7) B (,f 1))

1

summed over all i such that ("!) is odd (where () :=0).
As an immediate consequence, we have
Fact 5.1. dim(imd®)) = wy 4_,.

Our main effort will be in determining dim(keré‘?)) . To begin, write B(q) =
{@1 < g2 <---< g}, sothat ¢ =3 ;_ 2% . Form the matrix W* by concate-
nating the r matrices Wy y_2:, 1 <i<r, e,

W* =Wy k—on Wi k20 Wi k—2ar -
It is not hard to see that by Theorem 3,
(5.65) dim(ker §9) = rank, W*
(where rank, denotes the mod2 rank). Now by inclusion-exclusion we have
rank, W* = Zwk,k—z‘h' - Zwk,k-zv.—z‘h + Y Wy ka0
i i<j i<j<l

— e+ (_1)r—1wk’k_q .

(5.66)

Now, consider a typical term

(5.67) wk,k_c=2<<7) B (,fl»

!

where ¢ = 2% +--- + 2%, and the sum is taken over all i such that (,*7* ) is
odd.

Changing the summation index in (5.67) from i to k — i, and using Fact 2.2,
we can rewrite (5.67) as

(5.68) wk,k—c=Zi:<(k'1i)‘ <k —ﬁ—l))

summed over all i such that (ijc) = (;) is odd, i.e., such that {s;, ..., s} =

B(c) C B(i) (by Fact 2.2). Of course, for all our c¢’s,
B(c) € B(q) .
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Thus,
(5.69) B(c) C B(i)nB(q) .

Letting {k — i} denote (,”,)— (;_"_,) , we now count how often {k — i} occurs
in the various terms in (5.66), of Wthh (5.67) is typical. Let ¢ := |B(i)N B(q)| -

If t =0 then no c’s contribute to the {k — i} count, so suppose ¢ > 0. In this
case, there are exactly () different ¢’s with B(c) C B(i)nB(q), |B(c)| =1, for

which {k — i} occursin wy x_.. More exactly, it occurs with the sign (-1 )=t
which comes from the corresponding /-tuple sum in (5.66). Therefore, the total
contribution of {k — i} in (5.66) is just

Z(—l)’—'@ —1 if >0,

I>1

and 0if r=0.
In particular, we obtain

(5.70) rank W = Z ((k’i i) - (k —r;— 1))

summed over all i such that B(q)N B(i) # @.

By Fact 5.1, we need to express wy x_, in a similar form. This is given by
(5.68):

(5.71) Wikp = ) ((k’ii) - (k-’:— 1))

1

summed over all i with B(p) C B(i).
We can now put everything together for the main result of this section.

Theorem 5. When B(p)N\B(q) # @, and n > 5(k +q+ 1)? then
H? % = ker3@ /im 8P = (Z)2)4(P-a:k)

where

(5.72) d(p,q;k)=2’_:((k’i,-)‘(k_r;_1>>

summed over all i such that
(5.73) ' B(p) £ B(i) and B(q)NB(i)# @
Proof. Since
d(p, q; k) = dim(kerd'?) — dim(im %))

then by (5.70) and (5.71), we simply have to keep track of the coefficients of
((.",) = (,"_,)) in the sums for dim(kerd@) and dim(im §%)).

Since by hypotheses, B(p) N B(q) # @, then it is easy to see that the only
indices i which contribute to the sum satisfy (5.73). 0O

Condition (5.73) can be expressed in words as saying that in the binary ex-
pansions of p, ¢ and i, some O of i/ corresponds to a 1 of p, and some 1
of [ corresponds to a 1 of g. Of course, if p =¢ = 2’ then no such | exists,
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so that the sum in (5.72) is empty, d(p, q; k) =0, and H}'? is trivial (as we
already know by Theorem 1).

6. APPLICATIONS

In this section are describe several applications of the preceding ideas, which
in fact provided some of our initial motivation for investigating cohomological
aspects of hypergraphs.

To begin with, given a k-graph G = (V, E) we define the multiplicative
edge function u = ug: V* — {1, -1} by setting

_[-1 if{x, ... 0} EE,
mxy, .o, X)) = { 1 otherwise.

With |V| = n, we define the deviation of G, denoted by dev G, by

(6.74) dev G := n% > I z@ien), ..., vle)).
vi(0),vi(1)€V ¢;€{0,1}
I<i<k  1<j<k
It turns out that dev G is a fundamental invariant of a k-graph G, and gives
in many ways a quantitative measure of how much G behaves like a “random”
k-graph Gy, on V (e.g., one in which each k-set X € (}) is selected indepen-
dently with probability 1/2 to be an edge of G,/,). In particular, 0 < dev G < 1
always holds, and the closer dev G is to 0, the more like a random k-graph
G is. Families of k-graphs G®*)(n) for which dev G¥)(n) — 0 as n —
are called quasi-random. (For a fuller discussion of these ideas, the reader can
consult [CGW89, CG90, CGI1].)
In [CGY1], it was important to characterize those k-graphs G*) with the
largest possible deviation, i.e., satisfying

(6.75) devG®) =1,
The following result gives such a characterization.
Theorem 6.
dev GV =1
if and only if
G = Xk: 5 g tk=1)
i=1

for some choice of (k — i)-graphs K*k=0 1 <i<k.

For a proof, see [CG91].

One property a quasi-random family of k-graphs G*)(n) = (V;, E,), n —
oo, satisfies is the following. For any fixed k-graph H*)(m) = (V| E), the
number #{H®(m) < G¥(n)} of maps 1 : V — V, such that X € E &
MX)€E,, X €(}), satisfies

#{HO(m) < GW(n)} = (1+ 01025, n—co.

In other words, all k-graphs on a fixed number m of vertices occur (asymp-
totically) equally often as induced subgraphs of G*)(n) as n — co. In fact, it
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is shown in [CG91] that if this holds for all H*)(2k) on 2k vertices, then it
holds for all H*)(m) for any fixed m . Furthermore, the value 2k is critical,
in the sense that there exist non-quasi-random families G*)(n) for which

6.76)  #{H®(s) < GP(n)} = (1+o())n /20 | n— oo,

forall s<2k-1.

One way of constructing such families for the case s = 2k — 1, when k # 2¢
for any a, is the following.

For 1 <t<k -1, choose a “random” ¢-graph GY/)Z on a set V, of size n,

ie., each t-set X € (") is designated as an edge of G(l’/)2 independently with

probability 1/2. Define
k-1

(6.77) GP(n) =3 6WG;(n) .
t=1

Theorem 7 [CG91]. For almost all choices of GE'/)Z(n), G®)(n) satisfies (6.76).

In the case that k = 2!, a slight extension of this construction gives the
required family (see [CG91] for details).

7. CONCLUDING REMARKS

It would be natural to investigate the corresponding results for more general
coefficient groups, e.g., Z/p or Z, as opposed to Z/2, which is the simplest
choice (and the one for which we had natural applications). A good beginning
in this direction has very recently been taken by Dale Darrow, to whom we also
wish to thank for a careful reading of an earlier draft of this paper. It would
appear that the continuation of these investigations in the directions of the work
of Cameron [C77, C78] and others (who dealt with the case k = 3) looks quite
promising.
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